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Abstract
Good k-colorings have been deﬁned by C. Berge who showed their existence in balanced hypergraphs. There is a simple general-
ization to oriented balanced hypergraphs: using the bi-coloring characterization of 0,±1-matrices of M. Conforti and G. Cornuejols,
we show that oriented balanced hypergraphs have good k-colorings for any k. A stronger type of coloring is also shown to exist for
oriented balanced hypergraphs.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Balanced matrices were introduced by Berge [1] as a generalization of bipartite graphs in the context of hypergraphs.
A 0,1-matrix A can be associated with a hypergraphH: the columns of A correspond to the nodes ofH and the rows
of A to the edges. According to their deﬁnition, balanced matrices are then a natural extension of the property that
bipartite graphs contain no odd cycles.
Balanced hypergraphs are characterized by a bi-coloring property (see [1]); they also have some additional chromatic
characteristics which generalize properties of bipartite graphs [3].
Besides this, balanced matrices also have some elegant polyhedral properties, namely if A is a balanced 0,1-matrix,
the packing polytope {x |Ax1, 0x1} and the covering polytope {x |Ax1, 0x1} are integral polytopes, i.e.,
all their extreme points are integral [1].
These properties are closely linked to totally dual integral (TDI) systems of linear inequalities (see [4] for a discussion).
The concept of balanced 0,1-matrices can be extended to 0,±1-matrices while preserving many interesting (chromatic
and polyhedral) properties. Such a deﬁnition of balanced 0,±1-matrices has been given in [12]. A characterization in
terms of bi-coloring was derived in [4].
In this paper we intend to generalize to 0,±1-matrices some results related to chromatic properties of balanced
hypergraphs, in particular we will generalize the concept of good colorings of Berge [3].
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A simple way of presenting these concepts will be to use the so called oriented hypergraphs; other ways of orienting
hypergraphs have been explored (see [10,9,14]) for different purposes.
We shall in particular mention the links with the equitable colorings of unimodular hypergraphs for which the concept
of orientation is even more natural.
For all (hyper-)graph theoretical terms not deﬁned here, the reader is referred to [2].
In the next section we shall review the main concepts and properties of balanced matrices; we will introduce the
concept of orientation in Section 3 and state the main coloring property in Section 4.
2. Balanced matrices and hypergraphs
A 0,1-matrix is balanced if it does not contain a square sub-matrix of odd order with two ones per row and column.
We recall also that a 0,±1-matrix A is totally unimodular (t.u.) if any square submatrix A′ of A has det(A′)= 0,±1.
Clearly, a t.u. 0,1-matrix is balanced.
For 0,1-matrices A, a bi-coloring can be deﬁned as a partition R, B of the column set of A such that for any row i
with
∑
j aij 2∑
(aij | j ∈ R)1,∑
(aij | j ∈ B)1. (1)
Then a 0,1-matrix A is balanced if and only if every column sub-matrix of A has a bi-coloring [1].
In general, we may consider a 0,1-matrix A as the edge-node incidence matrix of a hypergraphH=H(A)=(N,M).
Row i corresponds to edge Ei of M and column j to node j in N; then aij = 1 if node j is in Ei or 0 else.
A k-coloring ofH= (N,M) is a partition of S1, . . . , Sk of the node set N such that for any edge Ei and any set Sr
we have SrEi (see [2]).
If we denote by k(i) the number of colors occurring on nodes of Ei , then S1, . . . , Sk is a k-coloring if and only if
k(i) min{2, |Ei |} for each edge Ei in M.
Notice also that for any k-coloring and any Ei, k(i) min{k, |Ei |}.
Berge has introduced the concept of good colorings in connection with balanced hypergraphs [3].
A partition S1, . . . , Sk of the node set N ofH is a good k-coloring if k(i)= min{k, |Ei |} for any edge Ei . For k = 2,
this coincides with (1).
It is immediate to observe that a good k-coloring is indeed a k-coloring; there are, however, k-colorings which are
not good k-colorings.
A hypergraphH is balanced if its edge-node incidence matrix is balanced.
Proposition 2.1 (Berge [3]). IfH is a balanced hypergraph, then for any k2,H has a good k-coloring.
A companion result for unimodular hypergraphs (i.e., hypergraphs with an edge-node incidence matrix which is a
t.u. 0,1-matrix) can be stated.
Proposition 2.2 (de Werra [6]). IfH is a unimodular hypergraph, then for any k2,H has a k-coloring S1, . . . , Sk
such that for any Sr , and any edge Ei ,
|Ei |/k |Sr ∩ Ei ||Ei |/k. (2)
Such k-colorings are called equitable; they are good k-colorings as can be seen easily.
One should observe that for t.u. matrices the concept of bi-coloring or more precisely of equitable bi-coloring has
been introduced by Ghouila-Houri [11] for 0,±1-matrices.
An equitable bi-coloring of a 0,±1-matrix is a partition R,B of its column set such that for any row i
−1
∑
(aij | j ∈ R) −
∑
(aij | j ∈ B) + 1. (3)
(If A is a 0,1-matrix andH the associated hypergraph, then (2) with k = 2 and (3) are equivalent.)
Then a 0,±1-matrix A is t.u. if and only if every column sub-matrix has an equitable bi-coloring [11].
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For t.u. 0,±1-matrices there are some polyhedral decomposition properties which imply the possibility of extending
a concept of (equitable) k-coloring to such matrices. We shall just state the following:
For a matrix A and a real vector c, deﬁne
Q(A, c) = {x0 | cAxc}.
Proposition 2.3 (de Werra [7]). For an integral matrix A the following are equivalent:
(i) A is t.u.
(ii) For any integral b, for any integral k2 and for any integral x in Q(A, b) there exists integral y1, . . . , yk with
x = y1 + · · · + yk:
yi ∈ Q(A, (1/k)b), i = 1, . . . , k.
We shall formalize the notion of equitable k-coloring related to 0,±1-matrices in the next section when the appropriate
hypergraph theoretical notions will be given.
Let us now consider the extension of balanced matrices to 0,±1-matrices.
A 0,±1-matrix is balanced if in every sub-matrix with two non-zero entries per row and column the sum of the
entries is a multiple of four. This deﬁnition introduced in [12,13] implies that the class of t.u. 0,±1-matrices and
the class of balanced 0, 1-matrices are included in the class of balanced 0,±1-matrices (see [4,5] also for additional
polyhedral properties of these matrices).
For a 0,±1-matrix A, a bi-coloring has been deﬁned in [4] as follows: it is a partition R,B of the column set such
that for every row i with
∑ |aij |2 at least one of the conditions holds:
(i) there exist p, q ∈ R or p, q ∈ B such that aip = 1, aiq = −1;
(ii) there exist p ∈ R, q ∈ B such that aip = aiq = 0.
It is easy to verify that t.u. 0,±1-matrices and balanced 0, 1-matrices have such a bi-coloring. The following extension
of the result of [1] has been obtained.
Proposition 2.4 (Conforti et al. [5]). A 0,±1-matrix is balanced if and only if every column sub-matrix is bi-colorable.
In the next sections we will use Proposition 2.4 to derive an extension of Proposition 2.1 (existence of good
k-colorings) to the hypergraphs associated to balanced 0,±1-matrices.
3. Oriented hypergraphs and colorings
Let us ﬁrst formalize the concept of oriented hypergraphs. We shall say that a hypergraphH= (N,M) is oriented
if each edge Ei ⊂ N is partitioned into two subsets Hi , Ti (the heads, resp. the tails of Ei).
We deﬁne hi = |Hi | and ti = |Ti | for each Ei . Observe that if hi = ti = 1 for each Ei , thenH is an oriented graph.
Also if hi = 0 for each edge Ei (or symmetrically ti = 0 for each edge Ei), then we have an unoriented hypergraph as
deﬁned initially.
The edge-node incidence matrix A ofH is deﬁned by
aij =
{+1 if j ∈ Ti,
−1 if j ∈ Hi.
0 else.
Let us also deﬁne for a partition S1, . . . , Sk of the node set ofH the following:
kt (i) = number of sets Sp with Sp ∩ Ti = ∅,
kh(i) = number of sets Sp with Sp ∩ Hi = ∅.
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In the remainder of this section all hypergraphs will be oriented. Now a partition S1, . . . , Sk of the node set of a
hypergraphH is a k-coloring if for any edge Ei :
(a) when hi1, ti1, there is a subset Sp with Sp ∩ Hi = ∅, Sp ∩ Ti = ∅;
(b) else kt (i) min{2, ti}, kh(i) min{2, hi}.
Notice that for k = 2, we get the previous deﬁnition of bi-coloring of a 0,±1-matrix, and when hi = 0 for each edge
Ei , we have the classical deﬁnition of a k-coloring in an unoriented hypergraph.
It is also convenient to say that for any partition (resp. k-coloring) S1, . . . , Sk of the node set N ofH= (N,M) index
p (resp. color p) is strong for Ei in M if Sp ∩ Ti = ∅, Sp ∩ Hi = ∅.
Remark 3.1. It is worth observing that this concept of k-coloring differs in some respects from the classical notion
of k-coloring of the nodes in a graph. If S1, . . . , Sk is a classical k-coloring of the nodes of a graph G, then each Si
is a stable set and any sub-collection of r < k subsets, for instance S1, S2, . . . , Sr (r < k), deﬁnes an r-coloring of the
subgraph of G generated by S1 ∪ S2 ∪ · · · ∪ Sr .
This is not necessarily true in our context: consider the hypergraphH on node set N = {h1, h2, h3, t1, t2} where
the only edge is E1 = N with H1 = {h1, h2, h3}, T1 = {t1, t2}; S1 = {h1, h2}, S2 = {t1}, S3 = {h3, t2} is a 3-coloring
ofH: color 3 is strong for E1, hence condition (a) holds.
But S1, S2 is not a 2-coloring of the sub-hypergraph H′ generated by {h1, h2, t1} since no color is strong and
kh(1) = 1 < min{2, h1} = 2.
We can now deﬁne a good k-coloring ofH= (N,M) as a partition S1, . . . , Sk of the node set N ofH such that for
any edge Ei in M
(a) when hi1, ti1, there is a color p which is strong for Ei ;
(b) else kt (i) = min{k, ti}, kh(i) = min{k, hi}.
One veriﬁes easily that a good k-coloring is indeed a k-coloring ofH. Furthermore, for k = 2, a good bi-coloring is
precisely a bi-coloring ofH. Also, when hi = 0 for each Ei , we get the deﬁnition of good k-colorings of unoriented
hypergraphs.
We notice that a (good) bicoloring S1, S2 of an oriented hypergraph has the following property: for each edge Ei ,
with partition Hi, Ti , if Hi and Ti are not empty then there exists a strong color for Ei (for instance S1 ∩ Ti = ∅ and
S1 ∩ Hi = ∅; else, if for instance Ti = ∅, then S1 ∩ Hi = ∅ and S2 ∩ Hi = ∅).
Having now deﬁned oriented hypergraphs as hypergraphs whose edge-node incidence matrix is a 0,±1-matrix, we
may return to the oriented unimodular hypergraphs.
In connection with those, we deﬁne an equitable k-coloring as a partition S1, . . . , Sk of the node set ofH such that
for each edge Ei and each color p
(ti − hi)/k |Sp ∩ Ti | − |Sp ∩ Hi |(ti − hi)/k. (4)
We can verify easily that it is indeed a k-coloring.
Notice that (4) can also be written as follows:
(1/k)
∑
(aij | j ∈ N)
∑
(aij | j ∈ Sp)(1/k)
∑
(aij | j ∈ N).
Remark 3.2. From (4) we observe that if (S1, . . . , Sk) is an equitable k-coloring of an orientedH, then any r < k
subsets Si form an equitable r-coloring of the sub-hypergraph spanned by the nodes of these r subsets Si . On the other
hand, the example given in Remark 3.1 shows that this is not true for good k-colorings of oriented hypergraphs.
For oriented hypergraphs, we have the same relation between good k-colorings and equitable k-colorings as in the
unoriented case; one can easily derive:
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Proposition 3.1. An equitable k-coloring S1, . . . , Sk of an oriented hypergraphH is a good k-coloring (and hence is
a k-coloring).
Notice ﬁnally that from Proposition 2.3 we can derive the existence of equitable k-colorings in oriented unimod-
ular hypergraphs by considering the polyhedron Q(A, b) where A is the node-edge incidence matrix of an oriented
unimodular hypergraphH= (N,M). Choose for b an |M|-vector with bi = ti − hi for each Ei in M.
Take x = 1 (incidence vector of N). Then the vectors yi will be the incidence vectors of the sets Si .
Proposition 3.2 (de Werra [8]). An oriented unimodular hypergraphH has an equitable k-coloring for each k2.
We shall examine the case of balanced hypergraphs in the ﬁnal section.
4. Good colorings and balanced hypergraphs
We are now ready to state the generalization of the result of Berge [3] on the existence of good k-colorings in balanced
hypergraphs (Proposition 2.1) to the case of oriented hypergraphs.
Proposition 4.1. IfH is an oriented balanced hypergraph, then for any k2 H has a good k-coloring.
Proof. The result holds for k = 2 from Proposition 2.4. Let us start from a partition S1, . . . , Sk (with k3) of the node
set N ofH (it may even not be a k-coloring). We will transform it by repeatedly applying a re-coloring procedure into
a partition S∗1 , . . . , S∗k where for each edge Ei the conditions deﬁning a good k-coloring are satisﬁed, namely:
(a) if min{hi, ti}1 there is a color p which is strong for Ei ;
(b) else kt (i) = min{k, ti}, kh(i) = min{k, hi}.
We recall that in any partition S1, . . . , Sk we have kt (i) min{k, ti} and kh(i) min{k, hi}.
Claim. Let S1, . . . , Sk be an arbitrary partition of the node set ofH; given two subsets Sp, Sq , we construct a (good)
bi-coloring S′p, S′q of the sub hypergraph spanned by Sp ∪ Sq . Setting S′r = Sr for r = 1, . . . , k, r = p, q, we get a
partition S′1, . . . , S′k such that for each edge Ei :
(i) if there was a strong color for Ei in S1, . . . , Sk , then there is still one in S′1, . . . , S′k;
(ii) if there was no strong color for Ei in S1, . . . , Sk , then either there is one in S′1, . . . , S′k or k′h(i)kh(i), k′t (i)kt (i).
Proof. Consider edge Ei ; if r = p, q was strong for Ei , it will still be strong in S′1, . . . , S′k .
Now if p was strong for Ei , then Sp ∩ Ti = ∅, Sp ∩ Hi = ∅. Since S′p, S′q is a good bi-coloring and since
S′p ∪ S′q = Sp ∪ Sq , one color in {p, q} must be strong for Ei . Hence (i) holds. Now assume there was no strong color
for Ei in S1, . . . , Sk and there is none in S′1, . . . , S′k . So we had either (Sp ∪Sq)∩Ti =∅ or (Sp ∪Sq)∩Hi =∅. Assume
w.l.o.g. that (Sp ∪ Sq) ∩ Ti = ∅ and let s = |(Sp ∪ Sq) ∩ Hi |0. If s2, we have S′p ∩ Hi = ∅, S′q ∩ Hi = ∅ and
so k′h(i)kh(i); if s = 1 then |S′q ∩ Hi | = 1 or |S′p ∩ Hi | = 1, so that k′h(i) = kh(i). This holds also trivially if s = 0.
In all cases we have in addition k′t (i) = kt (i), so that (ii) holds. 
Let us now suppose that in S1, . . . , Sk there is some edge Eu which violates (a) or (b).
(A) Assume ﬁrst that hu1, tu1; by assumption there is no strong color for Eu. This means that there are colors
p, q (p = q) with
Sp ∩ Tu = ∅, Sq ∩ Tu = ∅,
Sp ∩ Hu = ∅, Sq ∩ Hu = ∅.
So we have |Sp ∩ Tu| + |Sq ∩ Hu|2; then by (a) after constructing a (good) bicoloring (S′p, S′q) of the column
set Sp ∪ Sq we will have a new strong color for row u (p or q) and in addition k′t (u)kt (u), k′h(u)kh(u).
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Fig. 1. Construction of a nice coloring (for E0).
(B) Consider now the case where some edge Eu with min {hu, tu} = 0 does not satisfy (b).
So we may suppose w.l.o.g. that hu=0 and kt (u)< k, kt (u)< tu. There exist two colors p, q such that |Sp∩Tu|2,
Sq ∩Tu=∅. As before we construct (S′p, S′q). From (b) we have S′p ∩Tu = ∅, S′q ∩Tu = ∅ so that k′t (u)=kt (u)+1.
Observe that for all remaining edges Ei we will not have any decrease of k′h(i) or k′t (i) and furthermore if edge
Ei had a strong color, it will have one according to the claim.
So for Eu the possible outcomes of the re-coloring procedure are occurrence of a new strong color (if there was
none) or increase (by at least one) of kt (u) or kh(u). As a consequence by repeating this re-coloring procedure for Eu
we will after a ﬁnite number of steps get a partition S1, . . . , Sk such that Eu will either have a strong color in case (a)
applies or it will satisfy condition (b) in the case where min{hu, tu} = 0.
While doing this, other edges Ei will either keep a strong color, or get a new one, or have their values kh(i), kt (i)
not decreased and possibly increased.
Considering then consecutively each edge ofH which does not satisfy conditions (a)–(b), we will repeat the same
procedure and get a good k-coloring ofH after a ﬁnite number of steps. 
This result may be slightly strengthened in the following way; let C = (S1, . . . , Sk) be a good k-coloring of an
oriented balanced hypergraphH. We shall say that C is a nice k-coloring ofH if for some arbitrary edge E0 ofH
(with min{h0, t0}1) the following holds: T0 ∩ Sp = ∅ for all colors p in J or H0 ∩ Sp = ∅ for all colors p in J where
J is the set of colors which are not strong for E0.
Proposition 4.2. An oriented balanced hypergraphH has a nice k-coloring for any k2.
Proof. The result holds trivially for k = 2 since a (good) bicoloring is a nice bicoloring (the condition holds for every
edge E0 with min{h0, t0}1).
Let us start from a good k-coloring (S1, . . . , Sk) ofH with k3; such a k-coloring exists from Proposition 4.1.
Consider an edge E0 with min{h0, t0}1; it has at least one strong color (so |J |<k). If E0 does not satisfy the
condition of nice coloring, there exist two colors p, q in J with Sp ∩ T0 = ∅, Sp ∩H0 = ∅, Sq ∩ T0 = ∅, Sq ∩H0 = ∅.
As before we construct a (good) bicoloring S′p, S′q of the subhypergraph spanned by Sp ∪ Sq . Then either p or q
will be strong for E0 (so |J ′|< |J |). According to the claim in the proof of Proposition 4.1, the coloring is still good
forH− E0. We repeat this procedure until either all k colors are strong for E0 or Sp ∩ T0 = ∅ for all colors p in J or
Sp ∩ H0 = ∅ for all colors p in J. Such a situation will necessarily occur after at most k − 1 steps. 
Remark 4.1. One should observe that it is generally not possible to require the above conditions of nice colorings to
hold for more than one edge E0 at a time: consider the matrix in Fig. 1 where J = {p, q, r}.
We construct a (good) bicoloring S′p, S′q by moving column 3 from color p to color q. Now q is strong for E0. We
observe that for edge E1 (for which colors p and q were strong) we have S′p ∩ H1 = ∅, S′r ∩ T1 = ∅ (neither p nor r is
strong for E1).
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